Many urological studies rely upon animal models such as rats and pigs whose urination physics and correlation to humans are poorly understood. Here we elucidate the hydrodynamics of urination across five orders of magnitude in animal mass. Using high-speed videography and flow-rate measurement at Zoo Atlanta, we discover the "Law of Urination," which states animals empty their bladders over nearly constant duration of 21 ± 13 seconds. This feat is made possible by larger animals having longer urethras, thus higher gravitational force and flow speed. Smaller mammals are challenged during urination due to high viscous and surface tension forces that limit their urine to single drops. Our findings reveal the urethra constitutes as a flow-enhancing device, enabling the urinary system to be scaled up without compromising its function. This study may help in the diagnosis of urinary problems in animals and in inspiring the design of scalable hydrodynamic systems based on those in nature.
Introduction
The practice of medical and veterinary urology often relies on simple non-invasive methods to characterize bladder health. One of the most easily measured characteristics of a bladder system is its flow rate. Decreases in flow rate can be attributed to unseen problems with the urinary system. For example, an expanding prostate in aging male animals can constrict the urethra, decreasing flow rate. Obesity can increase abdominal pressure, causing incontinence. To study these ailments, animal subjects of a range of sizes are often used. For example, a study of urination in zero gravity involved a rat suspended on two legs for long periods of time 1 . Despite the ubiquitous use of animals in urology studies, little is understood of how the process of urination changes across species and size.
The bladder serves a number of functions, as reviewed by Bentley 2 . In desert animals, the bladder stores water to be retrieved in time of need. In mammals, the bladder is waterproof, acting as a reservoir that can be emptied at a time of convenience. This control of urine enables animals to keep their homes sanitary and themselves inconspicuous to predators. Lastly, stored urine can be used as a defense mechanism, as one knows from picking up small rodents and pets.
There persist several misconceptions in urological hydrodynamics that have important repercussions in the interpretation of healthy bladder function. For instance, several recent investigators state that flow is generated entirely by bladder pressure. Consequently, their modeling of the bladder completely neglects gravitational forces [3] [4] [5] . Others, such as Martin, contend urine flow is driven by a combination of both gravity and bladder pressure 6 . In this study, we show Martin's physical picture is the correct one. Moreover, we provide quantitative evidence that gravitational force becomes dominant in generating flow as animals increase in size.
In this study, we elucidate the hydrodynamics of urination across animal size. The theoretical models for this work are given in the Supplement. In §2, we report bladder anatomy and measurements of urination duration and flow rate. Furthermore, we compare our theoretical predictions to our observations. In §3, we discuss the implications of our work and suggest directions for future research. In §4, we summarize the contributions of our study.
Results
We film urination of sixteen animals ( Figure 1(a)-(d) ) and obtained twenty-eight urination videos from YouTube. Figure 1(h) shows the duration of urination across 6 orders of magnitude of animal mass from 0.03 kg to 8000 kg. Despite this large range, the duration remains nearly constant, T = 21 ± 13 seconds (N=32) for all animals heaver than 3 kg. This constancy of emptying time is quite a feat upon consideration of the substantial bladders of larger animals. The urination duration for both jetting and dripping regime are modeled in the Supplement.
Mammalian bladders are isometric
Our model relies on assumptions of isometry of the urinary system, the property that the urinary system maintains constant proportion for all animals. In this section, we show indeed bladders are isometric and the driving pressure is constant across animal size.
We employ previously measured urethra geometries for 69 individuals across 10 species, reprinted in the Supplement. Figure 2(a) shows the relation between animal mass M and urethra dimensions, length L and diameter D. Trends for L and D are nearly parallel, due to their scaling with similar power law exponents, M 0.41 and M 0.38 , respectively. Accordingly, the aspect ratio of the urethra is nearly constant D/L = 0.06M −0.03 , indicating that for all animals the urethra is 20 times longer than it is wide. For instance, a rat of 0.3 kg has a urethra of diameter 1 mm and length 2 cm, comparable to a coffee stirrer. In contrast, an elephant of 5000 kg has a urethra of diameter 5 cm and length 1 m, comparable to a drain beneath a sink. Although the animals span a weight of 6 orders of magnitude, the aspect ratio of their urethra remains constant, indicating the urethra geometry is conserved throughout evolution.
From side views in ultrasonic imaging, the urethra appears circular with apparent diameter D. In fact, histology shows the urethra is corrugated 7, 8 , as shown in Figure 1 (e). These corrugations decreases its cross sectional diameter from D to αD where α is a shape factor. We define α = 1 D 4A/π, where area A and apparent diameter D are calculated by image analysis from histological cross sections. The shape factor α is constant among both species and animal size: we find α = 0.4 ± 0.15 (N = 5) across 4 orders of magnitudes in body weight as in Figure 2(b) . Thus, the effective urethra diameter is reduced to α = 40% of its apparent diameter. Furthermore, the cross sectional area is reduced to α 2 = 0.16 of the circular area, which is nearly equal to the value of 0.17 from Wheeler 9 .
Figure 2(c) shows the relation between animal mass and bladder capacity. The volume of the bladder's capacity is V = 4.6M 0.97 mL (N = 9), whose exponent, close to unity, indicates that bladders are quite close to isometric. The observed bladder volume scaling indicates that 1 kg animal has a bladder of 5 mL, or equivalently, the bladder is 5% of the animal's weight.
Figure 2(d) shows the relation between body mass and maximum bladder pressure P bladder . Maximum bladder pressure is difficult to measure in vivo. Approximate values are given using pressure transducers placed within the bladders of anesthetized animals. Pressure is then measured when the bladder is filled to capacity by the injection of fluid. This technique yields a constant bladder pressure across animal size: P bladder = 4790 ± 1207 Pa (N = 8). This bladder pressure is equivalent to the gravitational force of a 49 cm tall column of water, using the conversion 1 cm H 2 O = 98 Pa. Thus, for animals with a urethra length of 5 cm, the driving force of bladder pressure is ten times the gravitational head. The constancy of bladder pressure (4.8 kPa) is consistent with other systems in the body that rely on pressure. The respiratory systems of animals are also known to operate at a comparable constant pressure of 10 kPa, as demonstrated by Kim and Bush 10 .
We now apply our model, presented in the Supplement, with the assumption of isometry and constant pressure which enable us to simplify the equations of urine motion substantially.
Large animals urinate for constant duration
Our predictions for urine duration compare quite favorably with experimental values. As shown in Figure 1 (h), in our experiments, we observe a near invariance of urination time with body mass, T ∼ M 0.12 . We refer to the observed scaling as the Law of Urination. Using our model, we predict:
where ρ is the density of urine and g is gravity. For large body masses, Equation (1) has an equivalent scaling of T ∼ M 0.16 , shown by the blue trend line in Figure 1 (h).The agreement between the predicted and measured scaling exponents is quite good (0.12 compared to 0.16). However, numerical values for urination duration are under-predicted by 50 %. How can bladders of both 0.5 kg and 100 kg be emptied in nearly the same duration? Larger animals have longer urethras, and so greater gravitational force driving flow. These long urethras increase the flow rate of larger animals, enabling them to perform the feat of emptying their substantial bladders over approximately the same duration.
Our model provides a consistent physical picture upon consideration of flow rate. The flow rate is predicted to scale as Q ∼ M 2/3 (2P bladder /ρ + M 1/3 ) 1/2 . If gravitational forces are dominant over bladder pressure, we expect a flow rate Q ∼ M 5/6 ∼ M 0.83 . Figure 2 (e) shows the relation between animal mass and flow rate. Our prediction, given by the black line, is comparable to the flow rate for both females, for which Q F ∼ M 0.66 , and for males, for which Q M ∼ M 0.92 . Both measured exponents are within 20% of the predicted exponent, indicating our modeling captures the essential physics of the flow. Figure 1 (a)-(d) shows discrete urination styles according to body size: animals larger than 3 kg produce jets and sheets, whereas animals lighter than 1 kg produce only drops. In this section, we focus on this dripping regime. For rats and bats, and possibly the juveniles of other species, urination is a high-speed event of 0.01 to 2 second duration, and so quite different from the jetting regime occurring over 20 seconds. Figure 1 (h) also shows urination duration is between 0.05 to 2 seconds among the eleven small animals tested, including one bat, five rats and five mice. The large error bars for the rats are due to varying urine volume across individuals. Our theory in Supplement predicts that animals of small sizes should also urinate for constant duration. Given the anatomy of a rat, we predict the time to fill a drop of urine by a rat is 0.7 s, which is clearly much shorter than for larger animals. . Without consideration of the corrugated cross section, a prediction of α = 1 (green line) yields a flow rate that is far too high, as shown by the green line. Using the value from literature 8 of α = 0.5, our model predicts a flow speed of u = 1.9 m/s, shown by the the red line, which fits the data fairly well. Using nonlinear least-squares fitting in Matlab, the experimental data is best fitted with a shape factor of α = 0.4, shown in blue. We conclude the actual shape factor is between 0.4 and 0.5, and the dynamics of drop creation are quite sensitive to this value.
Small animals urinate quickly and for constant duration
Our model does a fair job of predicting the size of the drop falling from rats and mice. For rats, the final drop radius R f before detachment is 3.3 mm, and the time required to fill the drop T drop is 0.15 s; for mice, R f = 2.2 mm and T drop = 0.14 s. These values are all 50% larger than predicted by our model in the Supplement. In order for such a large drop to remain attached, we require the attachment diameter to be larger by a factor of 8. We conclude drops remain attached to the high density of hair surrounding the urethra opening. Indeed in experiments, we observe drops can remain attached for minutes at a time before release.
The model gives the insight on the physical constrain of animal to eject droplets. In our model, the flow speed is positive only if P bladder αD ≥ 4σ, where σ is the surface tension of urine, which is comparable to water 11 . Thus, we predict the smallest urethra to expel urine is 4σ/αP bladder ∼ 0.15 mm. According to our allometric trends, this urethra size corresponds to a body mass of 1.3 g and urethra length of 2.2 mm. This length corresponds to the body size of insects such as aphids and water treader Mesovelia, which excrete liquid drops from their anuses 12 , as well as altricial mice which require their mother's assistance to excrete urine drops 13 .
Discussion
In our model, we applied two assumptions. First, the bladder is full before the animal urinates. Second, we assume the urethra is vertical while the animal is urinating, which is true at least for male animals. According to an unpaired t test, sex did not affect flow duration or speed (two-tailed p value of p = 0.15). Thus, despite a difference in urethra angle, female and male data sets are not statistically distinct.
The urinary system is remarkably good at preserving function across a wide range of scales. This robustness is mainly due to the contribution of the urethra, a tube whose hydrodynamic consquence was previously unknown. In the medical literature, the urethra is simply known as a conduit between bladder and genitals. In this study, we find the urethra is analogous to Pascal's Barrel, acting as an energy input device. By providing a water-tight pipe to direct urine downward, the urethra increases the gravitational force acting on urine and so the rate that urine is expelled from the body. Thus, the urethra is critical to the bladder's ability to empty quickly as the system is scaled up.
Materials and Methods

Animal preparation and filming
Animals are filmed at a combination of locations, including Zoo Atlanta, Atlanta Humane Society (AHS), Georgia Tech, and the Animal and Dairy Science Department at the University of Georgia (UGA). The numbers of animals and their location is given in the Supplement in Tables 1-6 . We film urination of animals using high-speed cameras (Vision Research v210 and Miro 4). The masses of animals are provided by the keeper from annual veterinary procedures, or massed using an 5 analytical balance.
Anatomical measurements
Length L and diameter D of urethra are collected from a combination of X-rays and ultrasound data from previous literature. Bladder volume V are collected from a combination of filling cystometrography and ultrasonography from previous literature. Bladder pressure P bladder is reprinted here from previous literature. We reported the measurements and the corresponding body masses, listed in Table 2 -6 in the Supplement.
Flow rate measurement
Flow rate Q of five intermediate-sized animals is measured by simultaneous high speed videography and manual urine collection. Containers of appropriate size and shape are used to collect the urine of animals. Flow rate of eight animals are obtained from the literature with estimated corresponding body masses, listed in Table 7 in the Supplement. Flow rate of small animals is estimated using high-speed videography. Using the open source software Tracker, we measure the growth in radius and eventual release of urine drops produced by rats. 
Supporting Information
Equations: Hydrodynamic urination model for large and small animals. Materials and Methods: Detailed methods on data collections and measurements. Table 1 : Duration of urination. Table 2 : Length of urethra from literatures. Table 3 : Diameter of urethra from literatures. Table 4 : Shape factor of cross section of urethra from literatures. Table 5 : Bladder volume from literatures. Table 6 : Bladder pressure from literatures. Table 7 : Flowrate of urination. 
Hydrodynamic urination model for large and small animal Governing equation for urinary system
We begin with a number of simplifying assumptions regarding the urinary system. The urethra consists of a straight pipe of length L and diameter αD. According to our literature findings, the bladder of volume V holds much more volume than the urethra πα 2 D 2 L/4. We neglect changing height of urine in the bladder. Urination begins when the smooth muscles of the bladder increase the pressure of its contents to P bladder , measured relative to atmospheric pressure. After an initial transient, a steady flow of speed u is generated.
We model the urinary flow at steady-state, high Reynolds number and the urine as an incompressible fluid of density ρ, viscosity µ and surface tension σ. We apply the energy equation, also known as a modified Bernoulli's Equation, between the entrance and exit of the urethra. We also assume the urethra is vertical, but discuss modifications of the urethra angle in the Discussion section. The equation relating the average flow velocity u of the urine to the geometry of urethra:
The left hand side of the equation are the two driving pressures, bladder pressure and gravitational pressure associated with a fluid column of height L within the urethra. These driving pressures eject the urine waste products away from the body. By conservation of energy, these pressures are transferred to a term describing the kinetic energy of the fluid, ρu 2 /2, which the animals try to maximize in order to eject flow the fastest. The remaining terms on the right hand side, viscous losses and surface pressures, represent "loss" terms because they resist the flow of urine away from the body.
We formulate the viscous losses using the Hagen-Poiseuille equation, P viscosity = 128µQL/πα 4 D 4 , which describes the pressure drop due to viscosity in a long cylindrical pipe. The average flow rate is Q = uπα 2 D 2 /4. The Hagen-Poiseuille equation maybe be written as P viscosity = 32µuL/α 2 D 2 .
In slow urination, individual drops at the end of the urethra can also resist the flow of urine, similarly to a balloon held at the end of a faucet. The fluid within these drops has an overpressure given by the Laplace pressure P surface tension = 4σ/αD, where we assume the drops to first order are spherical and the same diameter as the urethra. Higher-order approximations would take into account the pendular shape of the drop. We substitute loss terms due to viscosity and surface tension into Equation (2), arriving at:
where g is the gravitational acceleration. The relative magnitudes of the five pressures enumerated in Equation (3) are prescribed by five dimensionless groups, the Froude F r, Bond Bo, Reynolds Re numbers, aspect ratio As and pressure ratio P b, respectively defined by
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The dimensionless energy balance may be written
In the following sections, we solve this equation in the limit of large and small animal sizes.
Urination time for intermediate and large animals
We define intermediate-sized animals to be those with mass above M = 1 kg. Figure 1 in the Supplement shows the scale of the dimensionless groups in this regime. Specifically, Re = 10 2 −10 4 , Bo = 1 − 10 2 , F r = 0.1 − 1, As = 0.1, and P b = 1 − 10. Thus, large animals have urethras of sufficient diameter that Bo 1 and sufficient speed that Re 1. The viscous losses and surface energy of the drop formed at the end of the urethra is negligible compared to the energy associated with the bladder pressure, gravity, and inertia of the fluid. In this limit, our governing equation, Equation (3), reduces to:
Assuming P bladder is constant, as will be shown in the Results section, the steady flow speed may be written in terms of bladder pressure and urethra length, u = (2P bladder /ρ + 2gL). The urination duration T is the time to completely empty the bladder, T = V /Q, where V is the bladder volume. The duration can be written,
We apply scaling to predict the trend of duration with animal size. Since animal bladder systems are isometric, we scale the bladder volume V ∼ M , length of urethra L ∼ M 1/3 and diameter D ∼ M 1/3 . The shape factor α is constant, as will be shown in the Results section. Using these scalings we find the flow rate Q is
Thus, we begin to see why large animals can empty their bladders in the same duration as smaller animals. Larger animals have longer urethras which provide greater gravitational potential energy and so an increase in flow speed. The combination of a faster flow and wider urethras leads to greater flow rate. The duration of urination, using Equation (6) may be written
As M increases in size that M 1/3 P bladder /ρ, the duration T approaches M 1/6 .
Urination time for small animals
We define small animals as those with M < 1 kg. Small animals have such thin urethras (D ≤ 2 mm) that viscous forces slow the ejection of fluid. The Supporting Information shows the scale of the dimensionless groups in this regime. Specifically, Re = 100−3000, Bo = 0.1−0.5, F r = 0.1−6, As ≈ 0.1, and P b = 10−40. Thus, small animals have thin short urethra such that the gravitational pressure is negligible compared to the energy associated with bladder pressure, viscosity, surface tension and inertia of the fluid. In this limit, Equation (3) reduces to:
We rewrite the equation above by consideration of the variables P bladder , u and D. For the intermediate Reynolds numbers for small animals, Equation (9) can only be solved numerically. However, we can gain insight into the physics of flow for low Reynolds numbers for which the inertia term ρu 2 /2 is negligible. In this regime, the flow speed u is driven by bladder pressure and resisted by viscosity and surface tension.
For small animals whose urination occur in discrete drops, we begin with the formation of a single drop. We define radius of drop R(t) as function of time. The drop is initially the same diameter as urethra R(0) = αD/2. The volume of one drop is V (t) drop = 4πR(t) 3 /3. The flow rate is the time derivative of V drop which, by conservation of mass, is equal to flow rate in the urethra dV drop /dt = πα 2 D 2 u/4. Thus the radius of drop maybe written
Calculating flow speed u from Equation (9) and substitute u into Equation (10), we have the radius of drop as function of time. The drop falls after a duration T drop passes, when the drop achieves final radius R f . Using Equation (10), the relationship between duration T drop and final drop radius R f may be written:
By consideration of a vertical force balance, we find the final drop radius before it detaches. The drop falls when its weight F g = 4πR 3 f ρg/3, overcomes its attaching surface tension force to the urethra F s = παDσ cos θ where θ is the contact angle of urine on the urethra relative to vertical. Equating these two forces yields the final drop radius before detachment,
Using this relationship for the final drop radius R f , the time to eject one drop may be written
We now use isometry to scale the duration for small animals at low Re. First, the animal is isometric thus V ∼ M and D ∼ M 1/3 . Due to the linear scaling of u on D, the time to eject one drop from Equation (13) scales as T drop ∼ Bo −1 ∼ M −2/3 . The final drop size from Equation (12) is R 3 f ∼ D ∼ M 1/3 . The full bladder of volume V can produce N drops where,
Thus, the duration T = N T drop = constant, and so independent of animal size.
Materials and Methods
Animal preparation and filming
Animals are filmed at a combination of locations, including Zoo Atlanta, Atlanta Humane Society (AHS), Georgia Tech, and the Animal and Dairy Science Department at the University of Georgia (UGA). The numbers of animals and their location is given in the Supplement in Tables 1-6 . We film urination of animals using high-speed cameras (Vision Research v210 and Miro 4). Intermediatesized animals, such goats urinate naturally during their daily activities. Dogs urinate as they are released for their regularly scheduled exercise period throughout the day. Cows are enticed to urinate as part of their normal health monitoring conducted by the staff of UGA, during which urination is elicited by manual simulation of the vulva. Large animals such as elephants are filmed urinating as soon as they are released to their outdoors pens in the morning. The masses of elephant, goat and cow are provided by the keeper from annual veterinary procedures. The urination of small animals is a high-speed event and certain preparations increase the chance of capturing it on film. Before filming, mice and rats are kept in a night-day cycled room for one week. Water is provided to mice and rats only during the day cycle. This restriction increases the frequency of daytime drinking, ensuring a full bladder is encountered during our experiments. Mice and rats urinate as a defense response to being removed from their cages. They are massed using an analytical balance.
Urination duration measurement
Urination duration is observed by high-speed film. The onset of urination is defined as the emergence of the first droplet noticeably extruded from the urethra. The completion of urination occurs when the last drop exits the urethra. We film one elephant, two goats, five rats and five mice and obtained twenty-nine additional urination videos of various animals from YouTube, listed in Table  1 in the Supplement. The corresponding masses of the adult animals are found from literature [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
Anatomical measurements
Length L and diameter D of urethra are collected from previous investigators which use a combination of X-rays and ultrasound to measure urethral geometry. We have forty-eight measurements of urethral length from literature 14, [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] and twenty estimated corresponding body masses 18, 44 . Similarly, twenty-four urethral diameters are obtained from literature 34, 42, 43, [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] and twelve corresponding body masses 18,55-60 , listed in Table 2 and Table 3 in the Supplement. We determine the cross section of urethra A by image analysis. We measure the maximum diameter D and the cross section area A from the anatomical pictures from literature 7, 8, [61] [62] [63] and two estimated corresponding body masses 20, 60 . The urethra has stared shape instead of circular. The cross section is deduced by the irregular folded of the urethra. Thus we define the shape factor α to measure the deduction, which is defined as A = π(αD) 2 /4, as listed in Table 4 in the Supplement. For the following analysis, we assume the urethra is a circular tube with the equivalent diameter αD.
Bladder volume V are collected from previous investigators which use a combination of filling cystometrography and ultrasonography. We have eight measurements of bladder volume from literature 43, [64] [65] [66] [67] [68] [69] [70] . Bladder pressure P bladder from six animals are reprinted here from previous investigators, who use a pressure transducer to measure the bladder pressure changes with time [71] [72] [73] [74] . We report the maximum value of P bladder during the urination cycle. Values of pressure are given relative to atmosphere pressure. Bladder volume V and bladder pressure P bladder are listed in Table  5 and 6 in the Supplement.
Flow rate measurement
Flow rate Q of five intermediate-sized animals is measured by simultaneous high speed videography and manual urine collection. Containers of appropriate size and shape are used to collect the urine of goats and cows. Dog urine is collected and weighed using a urination mat for pets; volume is approximated by assuming urine has the density of water, as is known by Ogata 11 . The average flow rate is given by the volume of urine divided by the duration of urination. Flow rate of eight animals are obtained from the literature 51,73-76 with estimated corresponding body masses 60, 77 , listed in Table 7 in the Supplement. Flow rate of small animals is estimated using high-speed videography. Using the open source software Tracker, we measure the growth in radius and eventual release of urine drops produced by rats. The magnitude of five dimensionless group, the Froud F r, Bond Bo, Reynolds Re, aspect ratio As, and ratio of bladder and gravity pressure P b. Van (1995) 
